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��nØ´y��Å©Û¥�­�óä.

¤¢�, = martingale

(Ñ
��BòÙ]\�UYÙe��ÙÆ�{) �¥È.

5. w�¡�êÆ½Â, ATÈ¤“ú²iZ”�Ð�:.
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Ú~. (��þ��ÅiÄ) � {ξn, n ≥ 1} ´Õá�ÅS�,�

P(ξn = 1) = p, P(ξn = −1) = q = 1− p.

-
X0 = x , Xn = Xn−1 + ξn, n ≥ 1,

¡ {Xn, n ≥ 0} ´l x Ñu�{ü�ÅiÄ. 5¿�,

E[Xn+1|X1, · · · ,Xn] = Xn + E[ξn+1]

=Xn + (p − q)


> Xn, p > q,
= Xn, p = q,
< Xn, p < q.

]
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&E6

(Ω,F ,P): �½�VÇ�m,
(Fn, n ≥ 0): F 'u n 4O�f σ−�ê�, ½¡&E6.

·AL§

� Z = {Zn, n ≥ 0} ´���ÅL§. eé?Û n, Zn 'u Fn

�ÿ, K¡L§ Z 'u (Fn) ´·A�.

P F0
n := σ(Zk , k ≤ n), ¡� Z �g,6.

5. ��L§'u§�g,6o´·A�.

School of Mathematics, SHUFE 18Ù lÑ�Ø



ú²iZ��
�S��A^

37K¥�A^

��½Â95�
�S��~
�Ä�½n

��½Â

½Â 6.1.1

1. �ÅL§ {Zn, n ≥ 1} ¡��, eé?¿ n, E|Zn| < ∞, �

E[Zn+1|F0
n ] = Zn (½ö�d/ E[Zn+1 − Zn|F0

n ] = 0.)

¡ {Zn+1 − Zn, n ≥ 1} ���S�.

2. e E[Zn+1|F0
n ] ≥ Zn, K¡ {Zn, n ≥ 1} ¡�e�.

3. e E[Zn+1|F0
n ] ≤ Zn, K¡ {Zn, n ≥ 1} ¡�þ�.

5. ���*¹Â:

3�½�&Ee, éãLOþ�ýÏ´".

¤±��Ï"´ØC�.
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�Ö¥~ 6.1.1.

5¿, �¿Ø�½I�´Õá�ÅCþ�Ú.

~ 6.1 ÙM1���¡, Xe�O�«Ù{:

1�ÛÙ�¡, 1�Ûm©o´Ùc�ÛÑy�¡.

@o
Sn := ξ1 + ξ1ξ2 + · · ·+ ξn−1ξn, n ≥ 1

´�, w,Ø´Õá�ÅCþÚ. ]
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[£�] ^�Ï"�5�

� ξ, η ´�È��ÅCþ.

(1) XJ ξ ´ A �ÿ�, � η Ú ξη ´�È�, K

E(ξη|A) = ξE(η|A);

(2) XJ A ⊂ B Ñ´ F �f σ-�ê, � ξ ´�È�, K

E(E(ξ|A)|B) = E(E(ξ|B)|A) = E(ξ|A).

AO�,
E[E[ξ|A]] = E[ξ].
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,?��½Â

½Â 6.1.2

�k6 (Gn), (�È) �ÅS� {Xn : n ≥ 0} ¡�'u (Gn) ´
�½ö (Gn) �, XJ

(1) {Xn} ·Au6 (Gn);
(2) é?Û n, k

E[Xn+1|Gn] = Xn.

(�Øýk�½��6�, Ï~��ÅS��g,6
ó.)

5. ¯¢þ, ü���½Â��þv�o«O.
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��Ä�5�

1 (Ó��&E6e) ���N´�5�m.

2 ��Ï"� n Ã', e��Ï"´ n �4OS�.
3 (d Jensen Ø�ª)

(i) e X ´�, φ ´ à¼ê� φ(X ) �È, K φ(X ) ´e�.

'X, |X |, X 2. �öI�÷v²��È5.

(ii) e X ´e�, φ ´à�4O�¼ê, K φ(X ) �´e�.

'X, X+.
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~ 6.1.2 (Wald �) � {Xn, n ≥ 0} ´c¡Ú~¥�{ü�ÅiÄ,
{ξn} ´Õá�ÅS�, Pg,6�

Bn = σ(ξk , k ≤ n) = σ(Xk , k ≤ n), n ≥ 1.

é λ > 0, -
Yn := λξn , n ≥ 0.

� Yn ´ Bn �ÿ�.

E(Yn+1|Bn) = E(λξn+Xn+1 |Bn) = λξn ·E(λXn+1 |Bn)

= Yn · (λp +
q

λ
).

Ïd {λξn(λp + q
λ )
−n, n ≥ 0} ´�S�, ¡� Wald �. ]

5. � p 6= q �, � λ = q
p , λp + q

λ = 1, {
(
q
p

)ξn
} ´�S�.

School of Mathematics, SHUFE 18Ù lÑ�Ø



ú²iZ��
�S��A^

37K¥�A^

��½Â95�
�S��~
�Ä�½n
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Bn = σ(ξk , k ≤ n) = σ(Xk , k ≤ n), n ≥ 1.

é λ > 0, -
Yn := λξn , n ≥ 0.

� Yn ´ Bn �ÿ�.
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= Yn · (λp +
q

λ
).

Ïd {λξn(λp + q
λ )
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5. � p 6= q �, � λ = q
p , λp + q

λ = 1, {
(
q
p

)ξn
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~ 6.1.2 (Wald �) � {Xn, n ≥ 0} ´c¡Ú~¥�{ü�ÅiÄ,
{ξn} ´Õá�ÅS�, Pg,6�

Bn = σ(ξk , k ≤ n) = σ(Xk , k ≤ n), n ≥ 1.

é λ > 0, -
Yn := λξn , n ≥ 0.

� Yn ´ Bn �ÿ�.

E(Yn+1|Bn) = E(λξn+Xn+1 |Bn) = λξn ·E(λXn+1 |Bn)

= Yn · (λp +
q

λ
).

Ïd {λξn(λp + q
λ )
−n, n ≥ 0} ´�S�, ¡� Wald �. ]

5. � p 6= q �, � λ = q
p , λp + q

λ = 1, {
(
q
p

)ξn
} ´�S�.

School of Mathematics, SHUFE 18Ù lÑ�Ø



ú²iZ��
�S��A^

37K¥�A^

��½Â95�
�S��~
�Ä�½n

~ 6.1.3 (Doob �) � ξ: (Ω,F ,P) þ�È�ÅCþ, {Fn, n ≥ 1} :
F ���&E6. -

ξn := E(ξ|Fn), n ≥ 1,

@o {ξn} ´'u (Fn) ��, ¡� Doob �. ]

A^. b� X ´���ÅCþ, Ù�I�ýÿ. ykÈ\êâ
Y1,Y2, · · · , @o3�½êâ Y1,Y2, · · · ,Yn �,

X �¦Ùþ�Ø����ýÿ�´ E[X |Y1,Y2, · · · ,Yn],

i.e., X ��Zýÿ�¤�� Doob �.
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~ 6.1.3 (Doob �) � ξ: (Ω,F ,P) þ�È�ÅCþ, {Fn, n ≥ 1} :
F ���&E6. -

ξn := E(ξ|Fn), n ≥ 1,

@o {ξn} ´'u (Fn) ��, ¡� Doob �. ]

A^. b� X ´���ÅCþ, Ù�I�ýÿ. ykÈ\êâ
Y1,Y2, · · · , @o3�½êâ Y1,Y2, · · · ,Yn �,

X �¦Ùþ�Ø����ýÿ�´ E[X |Y1,Y2, · · · ,Yn],

i.e., X ��Zýÿ�¤�� Doob �.
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~ 6.2 ("þ��) ?����ÅS� {Xn, n ≥ 1},
(5¿�, Xi −E[Xi |X1, · · · ,Xi−1] �þ�� 0, i ≥ 1.)

½ÂÙÜ©Ú

ξn :=
n

∑
i=1

(Xi −E[Xi |X1, · · · ,Xi−1]),

eé?¿ n ≥ 1 k E|ξn| < ∞, K

{ξn, n ≥ 1} ´���, ¡��"þ��.

¯¢þ, d

ξn+1 − ξn = Xn+1 −E[Xn+1|X1, · · · ,Xn],

k

E[ξn+1 − ξn] = E[Xn+1 −E[Xn+1|X1, · · · ,Xn]] = 0.

]
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~ 6.2 ("þ��) ?����ÅS� {Xn, n ≥ 1},
(5¿�, Xi −E[Xi |X1, · · · ,Xi−1] �þ�� 0, i ≥ 1.)

½ÂÙÜ©Ú

ξn :=
n

∑
i=1

(Xi −E[Xi |X1, · · · ,Xi−1]),

eé?¿ n ≥ 1 k E|ξn| < ∞, K

{ξn, n ≥ 1} ´���, ¡��"þ��.

¯¢þ, d

ξn+1 − ξn = Xn+1 −E[Xn+1|X1, · · · ,Xn],

k

E[ξn+1 − ξn] = E[Xn+1 −E[Xn+1|X1, · · · ,Xn]] = 0.

]

School of Mathematics, SHUFE 18Ù lÑ�Ø



ú²iZ��
�S��A^

37K¥�A^

��½Â95�
�S��~
�Ä�½n

~ 6.2 ("þ��) ?����ÅS� {Xn, n ≥ 1},
(5¿�, Xi −E[Xi |X1, · · · ,Xi−1] �þ�� 0, i ≥ 1.)

½ÂÙÜ©Ú

ξn :=
n

∑
i=1

(Xi −E[Xi |X1, · · · ,Xi−1]),

eé?¿ n ≥ 1 k E|ξn| < ∞, K

{ξn, n ≥ 1} ´���, ¡��"þ��.

¯¢þ, d

ξn+1 − ξn = Xn+1 −E[Xn+1|X1, · · · ,Xn],

k

E[ξn+1 − ξn] = E[Xn+1 −E[Xn+1|X1, · · · ,Xn]] = 0.
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lÑ/ª��ÅÈ©

(Ω,F ,P): VÇ�m, (Fn : n ≥ 0) ´6.

�ý�L§

�ÅS� {Hn : n ≥ 0} ¡�´�ý��, XJ

1. H0 ´ F0 �ÿ�;

2. é?Û n ≥ 1, Hn ´ Fn−1 �ÿ�.

� {Xn} ´·AL§, {Hn} ´�ý�L§, ½Â

Y0 := H0X0,

Yn := Yn−1 +Hn(Xn − Xn−1), n ≥ 1.

¡�L§ H 'u X ��ÅÈ©, ´���ÅÈ©�lÑ/ª.
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½n 6.2.1 (Doob)

� X ´��·AL§, H ´�ý�k.L§.

(1) XJ X ´�, @oL§ {Yn, n ≥ 0} ´�.

(2) XJ X ´e�� H �K, @o {Yn, n ≥ 0} ´e�.

y. w, Yn ´�È�¿� Fn �ÿ�, �é n ≥ 1,

E[Yn − Yn−1|Fn−1] = E(Hn(Xn − Xn−1)|Fn−1)

= HnE(Xn − Xn−1|Fn−1),

(1) XJ X ´�, Km>´", = Y ´�;

(2) XJ X ´e�� H �K, Km>��K, = Y ´e�.

School of Mathematics, SHUFE 18Ù lÑ�Ø



ú²iZ��
�S��A^

37K¥�A^

Ê��k.Ê�½n
��²;A^~

Ê��Vg, ´VÇØ¥�­��Vg��. P I ���ê8.

½Â 6.2.1 (Ê�)

¡��� I ��ÅCþ T �(�éu6 (Fn : n ∈ I ) �)Ê�,
XJ

{T = n} ∈ Fn, n ∈ I .

~. ;.�Ê� —– Ä¥�: � A ´ Borel 8, ½Â

T := inf{n ∈ I : Xn ∈ A},

K T ´Ê�. ¯¢þ,

{T = n} = {Xn ∈ A} ∩ {Xn−1 6∈ A} ∩ · · · ∩ {X0 6∈ A} ∈ Fn.

]
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Ê��Vg, ´VÇØ¥�­��Vg��. P I ���ê8.

½Â 6.2.1 (Ê�)

¡��� I ��ÅCþ T �(�éu6 (Fn : n ∈ I ) �)Ê�,
XJ

{T = n} ∈ Fn, n ∈ I .

~. ;.�Ê� —– Ä¥�: � A ´ Borel 8, ½Â

T := inf{n ∈ I : Xn ∈ A},
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]
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Ê��Vg, ´VÇØ¥�­��Vg��. P I ���ê8.

½Â 6.2.1 (Ê�)

¡��� I ��ÅCþ T �(�éu6 (Fn : n ∈ I ) �)Ê�,
XJ

{T = n} ∈ Fn, n ∈ I .

~. ;.�Ê� —– Ä¥�: � A ´ Borel 8, ½Â

T := inf{n ∈ I : Xn ∈ A},

K T ´Ê�. ¯¢þ,

{T = n} = {Xn ∈ A} ∩ {Xn−1 6∈ A} ∩ · · · ∩ {X0 6∈ A} ∈ Fn.

]
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5¿�,

1. Fn 'u n 4O, � T ´Ê��du

é?Û n ∈ I , {T ≤ n} ∈ Fn.

2. XJ T � S ´Ê�, @o

{T ∧ S ≤ n} = {T ≤ n} ∪ {S ≤ n}.

·K.

XJ T � S ´Ê�, @o T ∧ S � T ∨ S �´Ê�.
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Ê�L§: � T ´��Ê�.
5. éu�ÅS� {Xn : n ∈ I}, g,/38Ü {T = n} þ½Â XT := Xn , n ∈ I , ¡� X 3Ê� T ?� �.

½Â T -Ê�S�

XT
n (ω) := Xn∧T (ω), n ≥ 0, ¡��Ê�L§.

5. 1. é?¿ n ≥ 1,

XT
n =

n−1
∑
k=0

Xk1{T=k} + Xn1{T≥n}

=
n−1
∑
k=0

Xk(1{T≥k} − 1{T≥k+1}) + Xn1{T≥n}

= X0 +
n

∑
k=1

1{T≥k}(Xk − Xk−1).

2. é?¿ k ≥ 1, {T ≥ k} = {T < k}c ∈ Fk−1.
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Doob k.Ê�½n

½n 6.2.2

(1) XJ {Xn : n ∈ I} ´�, T ´Ê�, @o

Ê�S� {XT
n : n ∈ I} �´�.

?�Ú, XJ T ´k.�, @o EXT = EX0.

(2) � X ´e�, S ,T ´Ê�� S ≤ T , K {XT
n − X S

n : n ∈ I}
´e�. Ïd EX S

n ≤ EXT
n .

y. �Iy² (2).
dþ¡ XT

n �L�ª, (Ü^� S ≤ T �

XT
n − X S

n =
n

∑
k=1

1{T≥k}\{S≥k}(Xk − Xk−1).

|^c¡�½n, =�íÑ(Ø.
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Ê���ÑØ¬´k.�.

◦ ïÄ�o�¹e EXT = EX0 ¤á´�~k¿Â�¯K.

(ÄkÞ�~f`², (Ø��´Øé�.)

~ 6.2.1 � {Xn : n ≥ 0} ´��þ 0 Ñu�é¡�ÅiÄ, ´�.
½Â T ´: 1 �Ä¥�,

T := inf{n > 0 : Xn = 1},

@o XT = 1,
EXT = 1 6= 0 = EX0.

]
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Wald �ª

e¡�½n`²3�ÅiÄ�|Ü, T ��È5U�y�ª¤á.

½n 6.2.3

� {ξn : n ≥ 1} ´�ÈÕáÓ©Ù�ÅS�� Eξ1 = 0, T ´�
ÈÊ�, K

E[
T

∑
n=1

ξn] = 0.
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y. ½Â Xn := ∑n
i=1 ξi , n ≥ 1, ´�. d Doob Ê�½n,

EXT∧n = 0, ∀n.

e T k., ½n(Øw,¤á. e¡ky²� T �È�,
XT �È. ¯¢þ,

E

(
T∧n
∑
i=1

|ξi |
)

= E(T ∧ n) ·E|ξ1|,

düNÂñ½n,

E|XT | ≤ E
T

∑
i=1

|ξi | = lim
n→∞

E(T ∧n) ·E|ξ1| = ET ·E|ξ1| < ∞.
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y. (Y) ?�Ú/,

0 = E(XT∧n) = E(XT ;T ≤ n) + E(Xn;T > n).

� n→ ∞ �, d��Âñ½n,

m>1���4� = lim
n

E(XT ;T ≤ n) = EXT .

,��¡,

E(|Xn|;T > n) ≤ E(
T

∑
i=1

|ξi |;T > n),

Ï�
T

∑
i=1

|ξi | �È, �2^��Âñ½níÑ

� n→ ∞ �, E(|Xn|;T > n) −→ 0.

l
k EXT = 0.
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~ 6.2.2

1. ?Øl 0 Ñu�{ü�ÅiÄ {Xn} �~�5.
?¿� x > 0,

Yn = xXn(xp + x−1q)−n, n ≥ 0

´���. é��ê a, -

τ ≡ τa := inf{n > 0 : Xn = a},

K {Yτa∧n} �´�. Ïd

E
[
xXτa∧n(xp + x−1q)−τa∧n

]
= E[Y0] = 1.

y34 n ªuÃ¡, �o�ÿ4��Ï"�±��Q?
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5º

Ï� τ ∧ n ≤ τ, ¤± Xτ∧n ≤ a. Ïd

· � x ≥ 1 �, xXτ∧n ≤ xa.

· � xp + x−1q ≥ 1 �, (xp + x−1q)−τ∧n ≤ 1.

�Ò´`, �ùü�^�Ñ÷v�, {Yn} �~ê��.

�o�ÿü�^�Ñ÷vQ? ©ü«�¹:

(1) p ≥ 1/2. ù� x > 1 =�yü�^�÷v.

(2) p < 1/2. ù� x > q/p âU�yü�^�÷v.
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(Y) rþ¡�'�ð�ª

E
[
xXτa∧n(xp + x−1q)−τa∧n

]
= E[Y0] = 1

��>©¤üÜ©: {τ < ∞} Ú {τ = ∞}.{
31�Ü©þ, lim

n
Xτ∧n = a,

31�Ü©þ, lim
n
(xp + x−1q)−τ∧n = 0.

Ïd, 4 n ªuÃ¡, d��Âñ½n, íÑ

xaE
[
(xp + x−1q)−τ

]
= 1.
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(1) p ≥ 1/2 (d� x > 1 =�yü�^�÷v):
4 x ↓↓ 1, @o

P(τ < ∞) = 1.

`²A�¤k;�Ñ¬�� a :.

(2) p < 1/2 (d� x > q/p âU�yü�^�÷v):
4 x ↓↓ q/p, @o

P(τ < ∞) = (p/q)a < 1,

ù`²�k�Ü©;�¬�� a :, 
�

p ��½ö a ��, VÇ��.

T(Ø��*ÎÜ.
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(Y) 3 p ≥ 1/2 �, P(τ < ∞) = 1. ���Ñ τ �1¼ê:
- (xp + x−1q)−1 = z , =

x =
1+
√
1− 4zpq

2zp
> 1,

¤±

E[zτ] =

(
1+
√
1− 4zpq

2zp

)−a
=

(
1−
√
1− 4zpq

2zq

)a

.

. �Ñ�ÅCþ�1¼êÚ�Ñ§�©ÙÆ3��þ´���. 'X, �^1¼ê5� τ �Ï":

� a = 1, ü>é z ¦�, ,�4 z ↑ 1, �

E[τ] = − 1

2q

(
1− 1√

1− 4pq

)
=

1

2p − 1
,

� p > 1/2 �k�, � p = 1/2 �Ã¡.

School of Mathematics, SHUFE 18Ù lÑ�Ø



ú²iZ��
�S��A^

37K¥�A^

Ê��k.Ê�½n
��²;A^~

2. O�Äg£�Ñu:�Äg£8� τ0 k��VÇ

P(τ0 < ∞).

¯¢þ, d�VÇúª

P(τ0 < ∞)

= pP(τ0 < ∞|X1 = 1) + qP(τ0 < ∞|X1 = −1)
= 2(p ∧ q).

�ké¡�, P(τ0 < ∞) = 1, ÄK�u 1. ]
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~ 6.2.3 (Ñ1¯K) �Äl�:Ñu�, ± {0,N} (N > 0) �áÂ�

�{ü�ÅiÄ ξn =
n

∑
i=1

Xi , Ù¥

X1,X2, · · ·ÕáÓ©Ùu
(
−1 1
q p

)
.

- T := T0 ∧ TN : iZ�±Y�m. Äkdþ~�(J,
∀x ∈ Z : 0 ≤ x ≤ N, Px (T0 < ∞) � Px (TN < ∞) ��k
��´ 1, �

P(T < ∞) = 1.

w, {T < ∞} = {T0 < TN} ∪ {T0 > TN}, -

qx := Px (T0 < TN)

L«l x Ñu�� 0 :3�� N :�c�VÇ.
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1. p = q = 1
2 �|Ü:

�Ä� {ξn}. 5¿� {ξn∧T} �´�: ∀n ≥ 0, 0 ≤ ξn∧T ≤ N,

Ex [ξn∧T ] = Exξ0 = x ,




Ex [ξn∧T ] = Ex [ξn∧T ;T ≥ n] + Ex [ξn∧T ;T < n]

= Ex [ξn;T ≥ n] + Ex [ξT ;T < n].

(5: � n ≥ T �, ξn ≤ N, l
 Ex [ξn ;T ≥ n] ≤ NPx (T ≥ n)→ 0. )

düNÂñ½n (MCT),

Ex [ξT ;T < n] ↑ Ex [ξT ;T < ∞] = Ex [ξT ], 


Ex [ξT ] = Ex [ξT ;T0 < TN ] + Ex [ξT ;T0 > TN ] = NPx (T0 > TN),

¤±

qx = 1−Px (T0 > TN) = 1− x

N
=

N − x

N
.
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2. p 6= q �|Ü: Ø�� p > q.

{( qp )ξn} ´��k.�, � {( qp )ξn∧T } �´. aq�d MCT, k

(
q

p
)x =Ex [(

q

p
)ξn∧T ] = Ex [(

q

p
)ξn ; n ≤ T ] + Ex [(

q

p
)ξT ; n > T ],


� Ex [( qp )
ξn ; n ≤ T ] ≤ Px (n ≤ T )→ 0,

Ex [(
q

p
)ξT ; n > T ] ↑ Ex [(

q

p
)ξT ]

=Ex [(
q

p
)ξT ;T0 < TN ] + Ex [(

q

p
)ξT ;T0 > TN ]

=qx + (
q

p
)N ·Px (T0 > TN) = qx (1− (

q

p
)N) + (

q

p
)N ,

Ïd

qx =
( qp )

x − ( qp )
N

1− ( qp )
N

.

]
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~ 6.2.4 (±Y�m) O�±Y�m T �1¼ê.

I���¹k T ��. é?Û λ > 0, �Ä�ê�

{Yn := λξn(λp +
q

λ
)−n, n ≥ 0}.

� p ≥ q �, � λ /∈ ( qp , 1), 7k |λp +
q
λ | ≥ 1. |^ÙÊ�

S�´��5�,

λx = Ex [λξn∧T (λp +
q

λ
)−n∧T ]

= Ex [λξn∧T (λp +
q

λ
)−n∧T ; n ≤ T ]

+ Ex [λξn∧T (λp +
q

λ
)−n∧T ; n > T ]
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1��

Ex [λξn∧T (λp +
q

λ
)−n∧T ; n ≤ T ] ≤ λNPx (n ≤ T )→ 0,

k

λx = Ex [λξT (λp +
q

λ
)−T ]

= Ex [(λp +
q

λ
)−T ;T0 < TN ] + λNEx [(λp +

q

λ
)−T ;T0 > TN ].

- µ = q
λp , �\þª�

(
q

µp
)x = E[(µp+

q

µ
)−T ;T0 < TN ]+ (

q

µp
)N E[(µp+

q

µ
)−T ;T0 > TN ],

ò µ �¤ λ �ü��§{
λx = Ex [(λp + q

λ )−T ;T0 < TN ] + λNEx [(λp + q
λ )−T ;T0 > TN ],

( q
λp )

x = Ex [(λp + q
λ )−T ;T0 < TN ] + ( q

λp )
NEx [(λp + q

λ )−T ;T0 > TN ].
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)�

Ex (λp +
q

λ
)−T = Ex [(λp +

q

λ
)−T ;T0 < TN ] + Ex [(λp +

q

λ
)−T ;T0 > TN ]

=
λx−N ( qp )

a − λx − λN−x ( qp )
x + λ−x ( qp )

x

( qp )
Nλ−N − λN

.

� |t| ≤ 1, - λp + q
λ = 1

t , @o λ kü��

λ1 := λ1(t) =
1+

√
1− 4t2pq

2pt
, λ2 := λ2(t) =

1−
√

1− 4t2pq

2pt
.

w, λ1 =
q

λ2p
, Ïd

Ex tT =
λ2(t)x (λ1(t)N − 1)− λ1(t)x (λ2(t)N − 1)

λ1(t)N − λ2(t)N
.
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e¡�^¤�1¼êO� T �êÆÏ":

Dx := ExT = lim
t↑1

1−Ex tT

1− t
.

� p > q, @o t ↑ 1 �, λ1 −→ 1, λ2 −→ q
p , � t = λ1

λ2
1p+q

, Ïd

Dx = lim
t↑1

1− λx
2(λ

N
1 −1)−λx

1(λ
N
2 −1)

λN
1 −λN

2

1− λ1

λ2
1p+q

= lim
t↑1

λx
1(λ

N−x
1 − 1) + λN

2 (λ
x
1 − 1) + λx

2(1− λN
1 )

(λ1p − q)(λ1 − 1)(λN
1 − λN

2 )
(λ2

1p + q)

=
−(N − x) + x( qp )

N +N( qp )
x

(p − q)(1− ( qp )
N)

=
N

p − q
·
1− ( qp )

x

1− ( qp )
N
− x

p − q
.
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e p = q, K λ2 = λ−11 , ^ λ L« λ2 (½ λ1), ��

Ex tT =
λx (λ−N − 1)− λ−x (λN − 1)

λ−N − λN

=
λx (1− λN)− λN−x (λN − 1)

1− λ2N

=
λx + λN−x

1+ λN
.


aq/, ±Y�m�Ï"

Dx = lim
t↑1

1− λx+λN−x

1+λN

1− 2λ
1+λ2

= lim
t↑1

(1− λx )(1− λN−x )

(1− λ)2
· 1+ λ2

1+ λN
= x(N − x).

]
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7K½|

Äk, 5¿��7K½|þkü«ÀÜ:

1. ºxy : Ùd�P�

{Xn : n ≥ 0}, ´��ÅS�.

2. �Ãºx��±�Õ1: ��±�ÂÃd|Çû½, {ü/
b���±|Ç´���, Ñ´ r , =

�± x , e����d�´ (1+ r)x .

(x > 0 L«�±, x < 0 L«�±.)
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û)y �áêÆ¿Â

Ï~, Ï�´��Ü�, =

±,�v½�� N Ú,«v½�ªïñy ��|.

Ï��d� V �6uy d�, �3�� N �´v½�:

V ´ X1, · · · ,XN �¼ê, ='u σ(X1, · · · ,XN) �ÿ.
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Ý]üÑ

3�� n, Ý]ö�ãL� Yn,

üÑ: ï Hn °y ,{
Hn > 0 L«ï\,
Hn < 0 L«ñ� (/y ñÑ),

�e�a�\Õ1. =, ÙãL©�Xe:

Yn = HnXn + (Yn −HnXn).

↪→ e���, ¦�ãLC¤

Yn+1 = HnXn+1 + (1+ r)(Yn −HnXn).

Ù¥, HnXn+1 ´ºxÜ©, (1+ r)(Yn −HnXn) ´�±Ü©.
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5¿, À1´k�md��, �Ú\ÎÒ

Ỹn = (1+ r )−nYn , X̃n = (1+ r )−nXn , (¡�òy, �|E���$�. )

©O¡L§ {Ỹn , n ≥ 0}, {X̃ , n ≥ 0} �òy��ãLÚy d�L§.

þªC.�
Ỹn+1 − Ỹn = Hn(X̃n+1 − X̃n).

(: òy��ãL´üÑ'uòy�y d���ÅÈ©.)
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û)y ½d�1�Ä�½n
Ï��~

Ã@|½|

b�: 1. ½|´�½�, = {Xn} Ú|Ç r ´�½�.
2. Y0 ´~ê, L«Ð©ãL (�Ò´�a).

= {Yn} ´dÐ©ãL Y0, ±9üÑ {Hn} û½�.

½Â 6.3.1: k�½|/Ã@|½|

½|k@|´��3��üÑ {Hn} Ú���� N, ¦�

Y0 = 0, 
 YN ≥ 0, P(YN > 0) > 0.

½|Ã@|Ò´Ø�3ù��üÑ, i.e., é ∀{Hn} : üÑ, ∀N :
��,

XJ Y0 = 0 � YN ≥ 0, K7k YN = 0 a.s..
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Ä�Vg
û)y ½d�1�Ä�½n
Ï��~

5. ��¤Ù�½|Ø�U�3@|Å¬.

êÆþ�L�I�JÑ“�d�ÿÝ”�Vg.

~. (3VÇ�m (Ω,F ,P) �±kÙ§VÇÿÝ.)
XJ ξ > 0, � Eξ = 1, ½Â

P̃(A) := E[ξ1A], A ∈ F ,

@o P̃ �´VÇÿÝ. w,ùü�VÇÿÝk�Ó�"V
Ç¯�, =

P(A) = 0⇔ P̃(A) = 0. (d�¡ü�VÇÿÝ�d.)

]

◦ ü��d�VÇÿÝ¬UCVÇ, �ØUCÄ���ÅA5, Ø¬rØ�UC¤�U, �Ø¬r�UC¤Ø�U.

��½Â¥VÇÿÝ´'�, ��VÇÿÝe��3,��ÿÝe��Ø´�.
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1�Ä�½n

½n 6.3.1

½|k���=��3���dVÇÿÝ P̃, 3ù�ÿÝe,

òy��y d�L§ {X̃n, n ≥ 0} ´�.

ù�ÿÝÏ~¡��d�ÿÝ.

íØ. d
Ỹn+1 − Ỹn = Hn(X̃n+1 − X̃n)

��, 3ÿÝ P̃ e, {Ỹn, n ≥ 0} �´�, ¤±

Ẽ[Y0] = (1+ r)−NẼ[YN ].
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Ï��~
1 v½d�� K �îªï\Ï�:

ØUJc�1, 7L3�ÏF�1.

�Ù�Ï�d�´ (XN −K )+, 3 0 ���d�´

Ẽ[(1+ r)−N(XN −K )+].

2 {ªï\Ï�: �îªï\Ï��«O´§�Jc�1.
e3��Ê� τ ≤ N �1, K§3 N ���d�´

(1+ r)N−τ(Xτ −K )+,

3 0 ���d�´

Ẽ[(1+ r)−τ(Xτ −K )+].
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e¡y²: {ªï\Ï�Jc�1ØX3���ÏF�1.

·K.

Ẽ[(1+ r)−τ(Xτ −K )+] ≤ Ẽ[(1+ r)−N(XN −K )+],

y. 3�dÿÝ P̃ e, {X̃n} ´�, ¤±

(1+ r)−n(Xn −K )+ = (X̃n − (1+ r)−nK )+,


 (1+ r)−nK 4~, � {X̃n − (1+ r)−nK} ´e�. qd
x 7→ x+ ´à�4O�¼ê, ¤±

{(1+ r)−n(Xn −K )+, n ≥ 0} ´e�.

�´ τ ≤ N, d½n 6.2.2 (2) ·K�y.
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